Electroweak precision data has been extensively used to constrain models containing physics beyond that of the Standard Model. When the model contains Higgs scalars in representations other than SU (2) singlets or doublets, and hence ρ = 1 at tree level, a correct renormalization scheme requires more inputs than the three needed for the Standard Model. We discuss the connection between the renormalization of models with Higgs triplets and the decoupling properties of the models as the mass scale for the scalar triplet field becomes much larger than the electroweak scale. The requirements of perturbativity of the couplings and agreement with electroweak data place strong restrictions on models with Higgs triplets. Our results have important implications for Little Higgs type models and other models with ρ = 1 at tree level. * muchunc@uci.edu † dawson@bnl.gov ‡ jackson@hep.anl.gov
I. INTRODUCTION
The Standard Model of electroweak physics is remarkably successful at explaining experimental data. From a theoretical standpoint, however, the theory has many failings. Attempts to address these perceived inadequacies have led to the construction of models which reduce to the Standard Model at energy scales below about 1 TeV, but which differ at higher energies. Models with physics beyond that of the Standard Model (SM), however, are severely constrained by precision electroweak data [1, 2] . If the mass scale of the new physics is near the TeV scale, it is often possible to learn about the parameters of the model by performing global fits to precision measurements. The simplest example is the prediction of the W boson mass, M W . In the Standard Model, M W can be predicted in terms of other parameters of the theory and requiring agreement with the measured W mass therefore restricts the possibilities for new T eV scale physics.
In this paper, we introduce a Higgs triplet at the electroweak scale and consider the effect on M W [3, 4, 5, 6] . We are motivated by Little Higgs models, which include a scalar triplet as a necessary ingredient, although our results are very general [7, 8, 9, 10, 11, 12, 13, 14] . In a model with Higgs particles in representations other than SU(2) doublets and singlets, there are more parameters in the gauge/Higgs sector than in the Standard Model (SM). The SM tree level relation, ρ = M 2 W /(M 2 Z c 2 θ ) = 1, no longer holds and when the theory is renormalized an extra input parameter is required [3, 4, 5, 6, 14, 15, 16, 17, 18] . We discuss two possible renormalization schemes for the triplet model: one where the extra parameter is chosen to be a low energy observable [3, 4, 5] , and one where the extra parameter is taken to be the running vacuum expectation value (VEV) of the triplet scalar [19, 20] . Models with ρ = M 2 W /(M 2 Z c 2 θ ) = 1 can be consistent with experimental data with the inclusion of certain types of new physics [21, 22] , of which a Higgs triplet is a specific example.
In Section II we describe a model which contains a real Higgs triplet in addition to the Higgs doublet of the Standard Model. This example is a simplified version of the Higgs sector in Little Higgs Models and is the simplest example of a model with ρ = 1 at tree level. In Section III, we discuss the restrictions on models with scalar triplets at the electroweak scale from requiring perturbativity of the parameters of the scalar potential. We turn in Section IV to a discussion of the renormalization prescription and the role of the triplet vacuum expectation value (VEV). The role of the scalar particles is emphasized in obtaining predictions for M W in the triplet model [23] . Whereas in the SM, the Higgs scalar contributes logarithmically to the prediction for M W , in the triplet model there are contributions which grow with the scalar masses-squared [24, 25, 26, 27] . We close in Section V with a discussion of the decoupling of Higgs triplet effects for large mass scales or alternatively in the limit that the triplet VEV goes to zero and we draw some general conclusions about the renormalization scheme dependence in models with ρ = 1 at tree limit.
II. THE MODEL
We consider a model with a real Higgs doublet, H, and a real, isospin Y = 0 triplet, Φ. We assume that the scalar potential is such that the neutral components of both the doublet and the triplet receive VEVs, breaking the electroweak symmetry. The scalars are conventionally written as,
The kinetic part of the Lagrangian is
where, 
III. PERTURBATIVITY OF THE SCALAR COUPLINGS
A priori, the input parameters, M H + , M H 0 , M K 0 , γ, δ, v, are arbitrary. The requirement that the tree level contributions to the scalar self interactions be larger than the one loop contributions can be loosely interpreted as the restriction λ 1,2,3 < (4π) 2 , and
From Eq. 13, approximate bounds on the scalar masses can be derived
An interesting limit on the mass difference between the charged scalar, H + , and the heavier of the neutral scalars, K 0 , comes from Eq. 13 and the requirement that λ 2 < ∼ (4π) 2 . This restriction is illustrated in Fig. 1 . As the mass of M H + becomes large, perturbativity requires that the mass difference between M K 0 and M + H be small, regardless of the mixing parameters. Similarly, assuming a scale Λ ∼ v, the perturbativity limits on M H + from λ 4 are shown in Fig.2 . These results are in agreement with those found in Refs. [30] and [28] .
IV. RENORMALIZATION A. Standard Model
In this section, we discuss the differences between renormalization in the SM and in a model with a scalar triplet. We begin with a brief overview of Standard Model renormalization in order to set the framework [31, 32, 33, 34] . The electroweak sector of the SM has four fundamental parameters, the SU(2) L × U(1) Y gauge coupling constants, g and g ′ , the vacuum expectation value (VEV) of the neutral component of the Higgs doublet, v, and the physical Higgs boson mass, along with the fermion masses. Once these parameters are fixed, all other physical quantities in the gauge sector can be derived. The usual choice of input parameters is the muon decay constant, G µ , the Z-boson mass, M Z , the fine structure constant, α, and the unknown Higgs boson mass, M h,SM . Experimentally, the measured values for these input parameters are [35] ,
Tree level objects are denoted with a subscript 0 and satisfy the relationship,
and the SM satisfies ρ 0 = 1 at tree level,
The 1-loop renormalized quantitites are defined 2 :
tree level bounds are sufficient. 2 Eq. 20 implicitely defines our sign conventions for Π XY . We decompose the two-point functions as
and label the SM contributions as Π XY,SM .
where
. The box and vertex corrections are small and we neglect their finite contributions (although it is necessary to include the poles in order to achieve a finite result).
The W -boson mass is predicted at 1-loop,
where ∆r SM summarizes the radiative corrections,
We use s θ ≡ sin θ, c θ ≡ cos θ to denote a generic definition of the weak mixing angle. At tree level all definitions are equal and we consider three possible definitions of the weak mixing angle, which differ only at 1−loop and are useful for comparing with the predictions of the triplet model in the next section and for understanding the renormalization scheme dependence of the triplet model predictions. For clarity, we review these definitions briefly [36] .
On-Shell Definition of sin θ W
In the on-shell scheme, the weak mixing angle, s W , is not a free parameter, but is derived from
The counter term for s 2 W can be derived from Eq. 23:
2. Effective Mixing Angle Definition of sin 2 θ ef f
One could take as input parameters, G µ , α, and the effective weak mixing angle, sinθ ef f ≡ s θ,ef f . The effective weak mixing angle is defined in terms of the electron coupling to the Z:
where,
In this scheme, δs
This scheme is useful for comparing with the predictions of the triplet model using the renormalization scheme of Refs. [4, 5] .
A third scheme for renormalizing the SM takes as inputs α(M Z ), G µ , and M Z and defines
The s Z scheme is useful for comparing with the predictions of the triplet model using the renormalization scheme advocated in Ref. [19] .
In this section, we consider the 1−loop renormalization of the triplet model. We are particularly interested in the approach of the triplet model to the SM in different limits and in the scheme dependence of our results. Since ρ = 1 at tree level in the triplet model, 4 input parameters (along with the Higgs mass) are required for the electroweak renormalization [1, 5, 6, 14 ]. We will consider two possible renormalization schemes. The first scheme uses 4 measured low energy parameters as inputs, while the second employs 3 low energy parameters plus a running triplet VEV, v ′ (µ):
In both schemes, the W boson mass is a predicted quantity. Below we discuss the dependence of the prediction for the W mass on the renormalization scheme and focus on the approach to the SM limit as the triplet VEV becomes small, v ′ → 0, or alternatively as M K 0 and M H + → ∞.
Triplet Model, Scheme 1
The renormalization of the triplet model in Scheme 1 has been discussed in Refs. [3, 4, 5] . The input parameters, α, M Z , and G µ are given in Eq. 17, and[37], sin 2 θ ef f = .2324 ± .0012 .
The relation,
implies that tan δ = 2v ′ /v is not a free parameter in this scheme, but is fixed by the input parameters.
In this scheme, the W mass is given by,
and
Analytic formulae for the scalar, gauge boson, and Goldstone boson contributions to the two-point functions are given in Appendix 1 for arbitrary values of the mixing parameters sin δ and sin γ. The contributions from non-zero values of sin γ have not appeared elsewhere.
There are three types of contributions to the two-point functions. There are contributions from the W ,Z, and γ gauge bosons, the electroweak ghosts, the Goldstone bosons and the lightest neutral Higgs boson where the couplings have SM strength. These are labelled as Π XY,SM in Appendix 1. It is important to remember that these are not numerically equal to the results in the SM since the relationship between the W and Z masses is different in the SM and in the triplet model. The remaining contributions, which we label ∆Π XY , are of two types. There are contributions from the SM particles with couplings proportional to sin δ or sin γ which vanish for δ, γ → 0, and there are contributions from the new particles of the triplet model, K 0 and H + , which do not necessarily vanish for δ, γ → 0. Eq. 33 has a form analogous to the SM results obtained using the sin θ ef f scheme, (∆r ef f SM ), except that in Eq. 33 there are additional contributions to the two-point functions from K 0 and H + , and the SM-like gauge boson, Goldstone boson, and H 0 contributions are weighted by factors of cos δ and cos γ. At tree level, the SM and triplet predictions for M W are the 3 We neglect the finite contribution from vertex and box diagrams, although the pole contributions are included in order to make our result finite and gauge invariant. The vertex and box corrections in the triplet model can be found in Ref. [5] . same in this scheme. It is useful to consider the difference between Eq. 33 and the one-loop SM prediction, ∆r triplet (Scheme 1) =∆r
The function∆r ef f SM has the same functional form as ∆r ef f SM with the important difference that in calculating∆r ef f SM , M Z must be taken as an input in the triplet scheme 1, while M Z is a prediction in the sin θ ef f scheme of the SM. In the limit of small mixing (δ ∼ 0, γ ∼ 0),
The small mixing limit further simplifies in the limit that
Eq. 38 is independent of the light Higgs boson mass and can be either positive or negative depending on the sign of
In Fig. 3 , we show the approach of the triplet model to the one-loop SM prediction (in the sin 2 θ ef f renormalization scheme) as M H + becomes large. The SM prediction for M W is calculated using Eqs. 22 and 27, while the triplet prediction for M W is calculated using Eqs. 33 and 34. For small mixing, and M K 0 = M H + , the one loop prediction for M W in the triplet model differs negligibly from the SM prediction. As the mass splitting, | M K 0 − M H + | is increased, significant differences from the SM prediction are seen at small M H + . The remainder term, ∆ r,1 , never goes exactly to zero, because the triplet model has M Z as an input, while the SM computes M Z in the sinθ ef f scheme. We recall from Section II that in the limit M K 0 = M H + , the only consistent solution to the minimization of the potential is v ′ = 0 and c δ = c γ = 1. In this limit, ρ 0 = 1 and the only difference between the prediction of triplet model and the SM arises from the different input values of M Z .
Triplet Model, Scheme 2
In Scheme 2, the input parameters are α, M Z , G µ and a running v ′ (µ). This scheme has been advocated in Ref. [19] as being more natural than Scheme 1, in that it has 3 measured input parameters as does the SM, while v ′ is unknown. We will treat v ′ as a running MS parameter. Of particular interest is the v ′ → 0 limit and the approach to the SM as M K 0 and M H + → ∞.
As usual, the W boson mass is defined by,
At tree level,
where v 0 and v ′ 0 are the tree level VEVs. Using
and Eq. 41, we find the weak mixing angle,
This scheme is similar to the M Z scheme for the SM described in Eq. 28 in the limit v ′ 0 → 0. At tree levelŝ Z0 is defined in terms of the input parameters aŝ and the 1−loop corrected value for the mixing angle is
Finally, we need to define the renormalized triplet vev:
There is no compelling physical definition for the v ′ counterterm and we simply utilize an MS definition and retain only the poles necessary to cancel the divergences.
In Fig. 4 , we compare the one-loop corrected prediction for M W in the M Z scheme of the SM, with the one-loop corrected value for M W in the triplet model, Scheme 2, with γ = 0 and v ′ = 0. For γ = 0 and v ′ = 0, the only consistent solution to the minimization of the potential is M H + = M K 0 and for these parameters, the contribution of the triplet model quickly decouples as M H + becomes large and the SM result is exactly recovered.
The situation is quite different for non-zero v ′ as shown in Figs. 5 and 6 . The large effects can be understood from Eq. 45,
Both
have contributions which grow with M Eq. 47 makes it apparent that tadpole diagrams (shown in Fig. 7) do not cancel for non-zero v ′ and make a contribution, where the tadpole contributions are,
The scalar self couplings are given in Appendix 3 [20] and lead to,
The tadpole diagrams generate terms which grow with mass-squared and the contribution of the tadpole diagrams in Scheme 2 to M W are shown in Figs. 8 and 9 . The large size of the tadpole contributions makes it clear that δv ′ must be defined in such a manner as to cancel the contributions from the tadpole diagrams in order to have a sensible theory. The tadpole contributions grow with v ′2 as expected and have a large dependence on γ.
V. DECOUPLING AND CONCLUSIONS
We have considered the simplest possible model with ρ = 1 at tree level: a model with a real scalar SU(2) triplet in addition to the SM Higgs doublet and have presented results for the one-loop prediction for the W mass in two different renormalization schemes. Our results are shown as differences from the SM predictions. A correct renormalization scheme in the triplet model requires four input parameters, in contrast to the three required in the electroweak sector of the SM.
In the first scheme, four low energy measured parameters are used as inputs and the theory is renormalized as a low energy theory. The effects of the scalar loops are negligible for large triplet scalar masses, when the mass difference between the scalar masses associated with the triplets is small (| M K 0 −M H + |<< M K 0 ). This renormalization scheme fixes the triplet v ′ in terms of the input parameters and so the limit v ′ → 0 cannot be taken. In the second scheme, three low energy parameters and a running triplet VEV are used as inputs. The non-zero triplet VEV generates large contributions from tadpole diagrams which must be cancelled by hand by an appropriate definition of the triplet VEV renormalization condition. This fine tuning implies a lack of predictivity for the model. Neither renormalization scheme is entirely satisfactory, although our results clearly demonstrate the importance of scalar loops in theories with ρ = 1 at tree level.
In general, we write
The contributions labelled Π XY,SM have the same functional form as the SM contributions from gauge and Goldstone bosons, ghosts, and the lightest neutral Higgs, H 0 , in the ρ 0 = 1 limit. We remind the reader yet again that the Π XY,SM terms utilize different relations between M Z and M W in the triplet and SM and hence are not in general numerically equal. The remainder, ∆Π XY , contains terms which vanish in the limit sin δ, sin γ → 0, and also the contributions of K 0 and H + , which need not vanish in the sin δ = sin γ = 0 limit. The SM-like contributions agree with those found in Ref. [34] and the triplet contributions for sin γ = 0 agree with Ref. [5] . The contributions for non-zero γ are new.
From Fig. 10 , the Standard Model-like contributions in Feynman gauge are: The non-Standard Model contributions from Fig. 10 are:
From Fig. 11 
There are additional contributions which only contribute to Π SM , which we list for completeness [34] . From Fig. 13 ,
